
Set Theory 
We describe our number systems using sets. For example, the Natural numbers are our counting numbers. We write 

ℕ = {1,2,3,4,5,… } 

We use {braces} to denote a set’s elements in a list. If an item is a member of a set, we use the symbol ∈, like this:  

5 ∈ ℕ 

We say “5 is an element of ℕ”.  

Let’s build up the rest of our number sets.  

Including 0 in our list, as in {0,1,2,3,4,5,… } gives us the whole numbers. There is no single symbol for this set; for 

now, we’ll use ℕ ∪ {0}, which is a “union” of two sets, ℕ and {0}. Note that {0} isn’t empty; it contains the number 

0.  

The integers are 

ℤ = {… ,−3,−2,1,0,1,2,3, … } 

The sets ℕ and ℤ are both infinite, but countably infinite – for example, if you choose any interval you will have a 

finite number of elements in the interval from the set.  

This is different from the next set, the rational numbers, ℚ. This is the set of all numbers than can be represented by 

fractions. The set ℚ contains all of the members of ℤ, which in turn contains all of the members of ℕ. We say that ℕ 

is a strict subset of ℤ, and ℤ is a strict subset of ℚ:  

ℕ ⊂ ℤ ⊂ ℚ 

We can write these in the other order as well, with the “strict superset” operator:  

ℚ ⊃ ℤ ⊃ ℕ 

These sets are strict subsets or supersets, which means they can’t be equal to one another. It’s analogous to the 

greater-than and less-than operators for numbers.  

When we want to allow for equality, we use the regular subset or superset operator:  

ℕ ⊆ ℤ or ℤ ⊇ ℕ 

Not all numbers we know are rational, though – some are irrational, like 𝜋 and √5. These are part of a set called the 

irrational numbers, represented by ℚ̅.  

ℚ and ℚ̅ have no elements in common, and so they are called disjoint sets. We write that their intersection, ℚ ∩

ℚ̅ = {} = ∅, the empty set, because there are no elements that are in both sets. 

Together, ℚ∪ ℚ̅ = ℝ, the set of all real numbers. 

We use the function 𝑛(𝐴) to count the number of elements in any finite set 𝐴. This gives us some interesting 

relationships. For two sets 𝐴 and 𝐵,  

𝑛(𝐴 ∪ 𝐵) = 𝑛(𝐴) + 𝑛(𝐵) − 𝑛(𝐴 ∩ 𝐵) 

In words, we can say the number of unique elements in 𝐴 and 𝐵 together is the number of elements in 𝐴 plus the 

number of elements in 𝐵 less the number elements that are in both 𝐴 and 𝐵. 



For any given context, we say the set 𝑆 is the universal set, which contains all elements. For example, if the context 

involves the number of ways of arranging the letters ABC, the universal set is  

𝑆 = {𝐴𝐵𝐶, 𝐴𝐶𝐵, 𝐵𝐴𝐶, 𝐵𝐶𝐴, 𝐶𝐴𝐵, 𝐶𝐵𝐴} 

Suppose the set 𝐴 contains all arrangements that begin with the letter A. Then  

𝐴 = {𝐴𝐵𝐶, 𝐴𝐶𝐵} 

We note that 𝑛(𝐴) = 2 and 𝑛(𝑆) = 6.  

Suppose the set 𝑀 includes all arrangements with B in the middle position. Then  

𝑀 = {𝐴𝐵𝐶, 𝐶𝐵𝐴} 

Again we have 𝑛(𝑀) = 2. 

Let’s look at intersections and unions:  

𝐴 ∪𝑀 = {𝑨𝑩𝑪,𝐴𝐶𝐵} ∪ {𝑨𝑩𝑪, 𝐶𝐵𝐴} 
= {𝐴𝐵𝐶, 𝐴𝐶𝐵, 𝐶𝐵𝐴} 

𝐴 ∩𝑀 = {𝑨𝑩𝑪,𝐴𝐶𝐵} ∩ {𝑨𝑩𝑪, 𝐶𝐵𝐴} 
= {𝐴𝐵𝐶} 

Note that ABC is not repeated in the union, and 𝑛(𝐴 ∪ 𝑀) = 𝑛(𝐴) + 𝑛(𝑀) − 𝑛(𝐴 ∩𝑀). 


